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Introduction
Functionally Graded Materials (FGMs) are a class of composite materials in which the mechanical properties vary gradually and continuously from one layer to the other. Such materials are created from the exploitation of basic material elements into various organic and inorganic compounds to produce advanced polymers and elastomers, alloys, glasses and ceramics. The combination of FGMs and sandwich structures, often referred to as FG sandwich structures, has become even more attractive due to the designable material properties and the possibility to eliminate the delamination which occurs in conventional composite structures. Many applications of FGMs can be found in aerospace structures and electronics as well as biomedical installations. Latest research into FGMs and FG sandwich structures involve the expansion of using these structures, simplified approaches to homogenize FGMs and the development of accurate theories and techniques to analyse the behaviour of such structures.
Various shear deformation theories and analysis techniques have been developed to investigate vibration analysis of FG sandwich beams. The Euler-Bernoulli theory known as Classical Beam Theory
(CBT), which neglects the shear effect, provides acceptable results for thin beams. This theory was applied to study the dynamic behaviour of FG beams by Alshorbagy et al. [1] , Simsek and Kocaturk [2] and Jin and Wang [3] . It is worth noting that, solutions based on the CBT overestimate natural frequencies of moderately thick beams. To overcome the limitation of the CBT, many shear deformation theories have been proposed. The Timoshenko beam theory known as the First-order Beam Theory (FOBT), which is the simplest model considering shear effect, attracts much attention of researchers.
Aydogdu et al. [4] presented Navier solution of natural frequencies for FG beams. Su and Banerjee [5, 6] developed dynamic stiffness method for FG beams' free vibration analysis using CBT and FOBT.
Nguyen et al. [7] proposed an improvement on FOBT to present Navier solution for static and vibration responses of FG beams under axial load. Sina et al.
[8] also applied FOBT to analyse free vibration of FG beams. However, the FOBT needs the shear correction factor to modify the results due to the dissatisfaction of free stress at the faces. This factor is difficult to determine exactly since it depends on 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 One of the key parameters in the analysis of the vibration behaviour of structures is the boundary conditions. For the real structures, the imperfect boundary conditions known as non-classical conditions consisting of rotational and translational displacements are essential and need to be considered. In the present work, the state space approach is applied to analyse free vibration behaviour of FG 4 sandwich beams with various theories (CBT, FOBT and HOBT) and different boundary conditions.
Governing equations of motions are derived using Hamilton's principle. Nine combinations classical boundary conditions created from clamped, hinged, pinned and free and three combinations of nonclassical boundary conditions created from elastic support with translational and rotational springs are considered. The effect of material parameter, arrangement of layers and slenderness ratio on fundamental frequencies of FG sandwich beams is examined.
Theoretical formulation

FG sandwich beams
Consider a FG sandwich beam with the span and cross-section being and , respectively, as shown in Fig.1a . It is assumed that the beams are manufactured by the mixtures of isotropic metal and ceramic, in which the volume fraction of the constituents varies through the beam depth. In this paper, FG beams (Type A) and two types of FG sandwich beams namely FG-faces ceramic-core (Type B) and FG-core homogeneous-faces (Type C) are investigated.
Type A: FG beams
The beam is made of metal-ceramic material (Fig.1b) with the volume fraction of ceramic given by:
where is the material parameter.
Type B: sandwich beams with FG skins and ceramic core
The ceramic core is inserted between two FG sheets in which the rich ceramic ones are in contact with the core (Fig.1c) . The volume fractions of ceramic in layer is: 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   5 2.1.3. Type C: sandwich beams with FG core and homogeneous skins
In these beams, metal and ceramic are placed on the metal-rich and ceramic-rich faces of the FG core ( Fig.1d) , respectively. By this way, delamination which occurs in conventional composites can be avoided. The volume fractions of ceramic in layer is:
The material properties including Young's modulus , Poisson's ratio and mass density are expressed in the general form:
where the subscripts and represent ceramic and metal while represents , and , respectively. It should be noted that Poisson's ratio is assumed to be constant in this paper.
Figs. (2a), (2b) and (2c) present sample results of the variations of the Young's modulus through the thickness for Type A, Type B and Type C, respectively.
Kinematics
Assuming that the deformation of FG sandwich beam is only in plane and let and be the axial and transverse displacement components at an arbitrary point . These components can be expressed as shown in Eq. (5):
where and represent the displacement components of a point on the beam's neutral axis along x and z directions while is the rotational angle of the cross-section about y-axis compared to the undeform position. The shape function considered in this paper is 6 which is proposed by Reddy [30] . For brevity, prime (') represents the partial differentiation of the quantities to x. and are the constants defining the axial displacements over the thickness, which can be used to determine the shear deformation theory considered. and only exist in the formulations for the CBT, FOBT and HOBT, respectively. By using these constants, one can describe the CBT, FOBT and HOBT formulations simultaneously.
The strains related to the displacement field in Eq. (5) are:
Variational formulation
In order to derive the governing equations of motions and boundary conditions, Hamilton's principle is employed:
where and denote the virtual variation of the strain energy and kinetic energy.
The virtual variation of the strain energy is given by:
where the stress resultants and can be defined as:
. The virtual variation of the kinetic energy can be determined as:
where (11)
Constitutive equations
The stress in layer n th is given as:
By substituting Eq. (6) into Eq. (12), the stress resultants are obtained as:
where
Governing equations of motion
By substituting Eqs. (8) and (10) into Eq. (7), integrating the equation by part, and collecting the coefficients of , and , the governing equations of motion are obtained as:
By using the state space approach [27] [28] [29] , the displacement components can be expressed as:
where is the eigen-frequency.
By substituting Eq. (16) into Eq. (15), a system of ordinary differential equations is obtained:
.
For FOBT:
For HOBT:
where the and are constants coefficients and are described in the Appendix. 
where for CBT and FOBT, for HOBT and are eigenvalues and corresponding matrix of eigenvectors, respectively, associated with the matrix T.
Boundary conditions (BCs)
In this paper, both classical and non-classical boundary conditions (see Fig. 3 and Table 1 ) are investigated. Translational and rotational springs are considered to model non-classical boundary conditions. The boundary conditions are shown in Fig. 3 and described in Table 1 .
Classical BCs
Boundary conditions can be expressed in terms of unknown function as follows:
For CBT:
Hinged (H):
10 Pinned (P):
Hinged (H): (24b)
Non -classical BCs
In the company of clamped and hinged conditions in section 2.5.1, elastic supported boundary, which is used to consider imperfect supports, can be described as:
For FOBT: By setting the determinant of to zero, the natural frequency can be determined. It should be noted that a trial and error procedure need to be used to obtain the natural frequency values due to the attendant of unknown in matrix T.
Results and discussion
In this section, the state space approach is applied to investigate the fundamental frequencies of FG beams and FG sandwich beams using various theories (CBT, FOBT and HOBT). Furthermore, for thin beams (L/h=20), the present results are in line with Jin and Wang's [3] , which applied Quadrature Element Method using CBT, under nine classical BCs. It can be seen that natural frequencies reduce significantly along with the increase of material parameter . Regarding the relation between frequencies and boundary conditions, the downtrend of natural frequencies for these beams is . It is also worth noting that, for CBT but when the FOBT and HOBT are considered. In addition, the natural frequencies under which combined of H and P for (isotropic material) are the same but for FG beams and FG sandwich beams, there is a slight difference. For FG beams, the difference in the natural frequencies due to shear deformation effect is minor for all BCs with a maximum of 1.8% (Table   3 ). However, a large difference can be seen between the results from CBT and FOBT/HOBT for FG sandwich thick beams: the highest errors are observed for C-C (11-22%); H-C and P-C (8-12%); F-F, P-F, H-F, H-H, P-P (2-5%) and the lowest errors are for C-F (1-2%) (Tables 5 and 7) .
Non -classical boundary conditions:
In order to verify present theory further, Tables 8 and 9 in the spring stiffness, and similar to the case of classical BCs, they decrease consistent with the values of material parameters. It is also seen that the frequency for C-E boundary condition is highest, followed 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 13 by E-E and H-E conditions. Tables 10 and 11 provide the frequency of non-rotational and nontranslational FG sandwich beams, respectively. For the non-rotational beams, the rotational spring stiffness is set as (considered as clamped), whereas the translational spring factor varies from 10 -4 to 10 6 . Similarly, (considered as supported) and  are adopted for non-translational case. The trend of variation of the frequencies in these cases is comparable to the response of FG beams (L/h=10, p=0.5) in Figs. 4 and 5. It is seen that for the non-rotational beams, the frequencies increase rapidly when T changes from 10 -4 to 10, and plateau for higher values of ;
however, for the non-translational ones, they only change for the interval using FOBT or HOBT. In addition, the variation of translational spring stiffness results in a larger range of the frequencies compared to the change of rotational spring stiffness.
This tendency can be seen more clearly in Fig. 6 , which presents the frequencies of C-E FG beams (L/h=10, p=1) according to various rotational and translational spring factors (both and range from 10 -4 to 10 6 ). It can be seen that the frequencies increase slightly in accordance with rotational stiffness and sharply in line with translational spring factors.
Conclusions
In this paper, state space approach is applied to analyse free vibration behaviour of FG sandwich beams with various theories (CBT, FOBT and HOBT). Hamilton's principle is applied to derive the governing equations of motion and boundary conditions. Numerical results for the free vibration behaviour of FG and FG sandwich beams under classical and non-classical boundary conditions are investigated and show good agreement with those from the literature. The data also expose that the influences of hinged and pinned conditions to the natural frequencies are significantly different for FG sandwich beams.
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